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Derivation and solution of the two-dimensional Toda
lattice equations by use of the Iwasawa decomposition

R S Farwell and M Minamit
Blackett Laboratory, Imperial College, London SW7 2BZ, UK

Received 8 May 1981

Abstract, The Iwasawa decomposition is applied to the complexification of an arbitrary
gauge group G over a two-dimensional space. The two-dimensional Toda lattice equations
arise from the condition that the gauge field strength vanishes. The method is based on the
generalisation of Yang’s R-gauge for SU(2) to any semi-simple Lie group G. A
parametrisation for the solutions to the equations governed by arbitrary classical groups is
obtained.

1. Introduction

Recent years have seen the generation of much interest in the nonlinear lattice
equations, discovered by Toda in 1966, which describe the motion of a one-dimensional
system of particles. When the only interactions are between neighbouring particles and
these have an exponential form, exact solutions of the equations have been found (Toda
1967). The surge of interest is due to the recognition that a rich mathematical structure,
both algebraic and geometric, is associated with the equations®.

It is the association of the equations with the theory of groups and their correspond-
ing Lie algebras which concerns us in this paper, so we shall briefly review this aspect.
The equations of motion for a finite system of (n + 1) particles arranged in line are

=3 Kyewa, (L

where p; is the difference in the displacements of the (i + 1)th and the ith particle. Toda’s
original model corresponds to the n = co limit of this finite system. In(1.1), K isann Xn
matrix with the only non-zero entries as follows:

Ki=2, i=1,2,...,n
K=Ky =-1, i=1,2,...,n—-1.

+ On leave of absence from the Research Institute for Mathematical Sciences, Kyoto University, Kyoto.

t Some of the more seminal contributions to the mathematical structure were: discovery of Lax pair;
derivation of equations for finite systems and their solution; analogy with group structure (Lax 1968, Flaschka
1974a, b, Manakov 1974, Bogoyavlensky 1976, etc). Subsequently, Leznov and Saveliev (1978) in consider-
ing the two-dimensional model used the connection with the Cartan matrix; Olshanetsky and Perelomov
(1979) couched the solution to the one-dimensional model in algebraic terminology, and independently
Kostant (1979) found solutions to more general integrable systems.

0305-4470/82/010025+22%02.00 © 1982 The Institute of Physics 25
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However, this matrix arises in the theory of Lie groups as the Cartan matrix for
SU(n +1). Furthermore, the Dynkin diagram for the corresponding Lie algebra
pictorially resembles the system of particles interacting only with their neighbours. Itis
now apparent that the model may be generalised to include systems described by (1.1),
hut where (Kj;) is the Cartan matrix for any semi-simple group. It has subsequently
been realised that the integrability and solubility properties of the Toda lattice
equations will also apply to the generalised equations.

Toda’s model is not only of interest mathematically, since it also has some physical
applications. There are similarities between the lattice and its continuum approxima-
tion, which is described by the Korteweg—de Vries equation and which is studied in
plasma physics. Other applications are found in gauge field theories. The simplest
Toda lattice equation with n =1 and governed by SU(2) has the same form as the
Liouville equation, which has appeared in SU(2) gauge theories. In Euclidean space,
SU(2) instantons with cylindrical symmetry are solutions of this equation (Witten
1977), whilst in a broken SU(2) theory the only time-independent solution corresponds
to the Prasad-Sommerfield monopole solution (Bais and Weldon 1978). Also in the
string model, Omnés claims that the classical states correspond to solutions of the same
equation (Omnés 1979).

The most recent development, and the one which has motivated our study, is the
discovery that the Bogomolny-Prasad-Sommerfield equation for the spherically
symmetric monopole for any group may also be written in the form of the Toda lattice
equation (Olive 1980). The effective generalisation of the Toda model to the other
groups has therefore suggested a way in which monopoles may be described in theories
with an arbitrary semi-simple gauge group.

Our discussion thus far has been restricted to one-dimensional SU(n +1) Toda
lattices and also their generalisation to one-dimensional models with any semi-simple
compact group. However, other models may be considered; for example, the one-
dimensional periodic Toda lattice represented by the extended Dynkin diagram and
also two-dimensional models with one time and one space variable.

Leznov and Saveliev (1978, 1979a, b, 1980) have developed the theory of general
lattices composed of a finite non-periodic chain in two time dimensions. The equations
of motion for this system are given by

(a7 +a5)p, = —4 2 K exp pi

Leznov and Saveliev have remarked that when (Kj;) is a 2nd-order generalised Cartan
matrix for an infinite-dimensional contragredient Lie algebra, this becomes the sinh-
Gordon equation.

Qur particular study is concerned with similar non-periodic lattices and so with an
arbitrary semi-simple group of finite rank. We specifically consider Euclidean space
with the two variables (s, ) and employ complex coordinates u =s +it and 7 =s —it.
The generalised Toda lattice equations become

3 dap: = — Z K exp p; (1.2)
or alternatively, defining

0y = Z Kiiwis (1-3)
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3u8at; = eXp(—EiZ Kii*/’i)~ (1.4)

As the variables are complexified, the Lie group G governing the equation must also
be complexified to

G.=GxiG.

As a consequence of the ensuing non-compactness of G., we can apply the Iwasawa
decomposition (Helgason 1978, Hermann 1966) to it in such a way that the origin of the
Toda lattice variables will become apparent. It also leads to an easy means of
parametrising the solutions of the equation.

Our method of deriving the Toda lattice equations is somewhat heuristic and so, to
demonstrate its plausibility and neatness, we shall explain it here with reference to
Yang’s approach to the self-duality condition for SU(2) gauge fields. This approach is
known as Yang’s R-gauge method and is itself an application of the Iwasawa decom-
position (Yang 1977, hereafter referred to as Y).

On four-dimensional Euclidean space with coordinates {x,, u =1, 2, 3, 4} the
self-duality condition for the gauge field strength F,, is

Foo =36 uupaF", (1.5)
where F,, is written in terms of the gauge potentials B, by

F,,=4,B,-3,B, +[B,, B,]. (1.6)
By complexifying the coordinates and defining four new variables

Y2y =x, +ixs, V2§ = x1 —ix,,

Vaz= X3—ixa, 2z = x3+ixg, (L.7)

and the corresponding components of the potentials, Yang is able to rewrite (1.5) in the
form

Fyz =F§z- =0, (1.8)

F,;+F,;: =0, (1.9)

Equations (1.8) and (1.9) provide a means of determining B, : indeed, (1.8) imply that
B,=R'3,R, B.=R'4.R,

_ _ s (1.10)
B)-, =R 6,—,R, BZ =R BER,

where det R =det R =1. R is defined such that in the real section
R=R"H" (1.11)

By making a gauge transformation, Yang argues that it is always possible to choose R to
have the lower triangular form

R =¢L—¢(; 3»)' (1.12)

where ¢ is a real function and p is a complex function on the real section. By using the
relation (1.11), R is seen to have an upper triangular form. The resultant gauge is
known as the R-gauge.
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By substituting (1.10) into (1.9) when R is given by the expression (1.12), the
equation (1.9) simplifies (see equation (27) in Y) and the problem of determining B,, is
reduced to one of solving this simplified form for p and ¢.

Our first observation is that in the sector y = z = u, Yang’s equation (1.9) (and so
equation (27) in Y) becomes over the real section

by 0a — (0.0)(Bap) + (8up)(8ap) = 0, (1.13)
b 9:(3up) — Z(Gup)aaqﬁ =0,
$0.,(9:6) — 2(3zp)8udd = 0.

A notable fact is that (1.14) (hereafter called the subsidiary equations) are soluble.
Indeed, if we let

¢ = exp(—2¢), (1.15)

then the solutions are

(1.14)

dup =€) e ™, dgp = £(i7) e~ (1.16)
By putting (1.16) into (1.13), we obtain
8,05 = £€ exp(—4¢). 1.17)

If we choose £ = 1 in (1.17), comparison of the resultant equation with (1.4) shows that
we have obtained the simplest Toda lattice equation governed by G =SU(2).
In the sector v = z, (1.8) are automatically satisfied and (1.9) becomes

FuﬁEauBg “agBu‘+’[Bu, Ba]:o (1.18)
We have shown that when B, and B; are given by
B.=R '3.R, Ba=R 'R, (1.19)

the equation {1.18) reduces to the Toda lattice equation.

Our derivation in § 2 of the Toda lattice equations using the Iwasawa decomposition
is based upon the example above. We show that the same argument may be applied
even when the group governing the equation is extended to any semi-simple Lie group.
The method also suggests a means of solving the equations governed by any classical
group and this is presented in § 3, together with some specific examples. The general
parametrisation of the SU(»n + 1) solution is included in appendix 2. In § 4 we make
some concluding remarks about the reality conditions on B, and B; and also the
similarity between the one-dimensional Toda model and our two-dimensional model.

2. Iwasawa decomposition and the Toda lattice equations

We first note that Yang’s R-matrix (1.12), having complex entries and unit determinant,
belongs to the group SL(2, C), which is the complexification of the original gauge group,
SU(2). Furthermore R has a lower triangular form with real diagonal entries. It is
possible to show that such a form is obtained by applying the Iwasawa decomposition
NAK to SL(2, C), where K is the maximal compact subgroup and so is SU(2) in this case
{Ardalan 1978). In particular, by choosing a gauge so that the element belonging to K
in the decomposition is effectively unity, the explicit form (1.12) is obtained. Having
observed these properties of the R-gauge, it is obvious that the method previously
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outlined in the introduction of deriving the Toda lattice equations governed by SU(2)
can be extended to derive the equations governed by SU(n +1). The Iwasawa decom-
position applied to SL(n+1, C) specifies an SU(n +1) gauge in which the gauge
potentials have triangular form with real diagonal elements. For this reason, Yang’s
R-gauge and its generalisation to SU(n +1) have been referred to as the triangular
gauge (Brihaye et al 1978).

We follow Ardalan (1978) and obtain the analogue of the R-gauge not only when
the gauge group G =SU(n +1), but also when G is any compact semi-simple group.
However, we choose representations such that R is not always triangular. Our
intention is to derive the Toda lattice equations governed by an arbitrary group and
then find solutions of the equation for all the groups associated with the classical simple
Lie algebras.

We must first complexify the group G to G. and then invoke the corresponding
complex-valued Lie algebra. The group G may either be classical or exceptional and
the former class may be divided into the following subclasses: SU(n + 1), SO(2n + 1),
Sp(n) and SO(2n)7. It should be noted that in ail cases the maximal compact subgroup
of the complex group G. coincides with G (Gilmore 1974). If g is a semi-simple Lie
algebra over C, then it may be decomposed according to Cartan’s root space
decomposition (Helgason 1978) as

9=b+ ¥ (8ratg-a), (2.1)
where b is a fixed Cartan subalgebra, A™ is the positive root system of g with respect to fy
and g., are the root spaces defined by

g:a ={E €g: ad(H)E = +a(H)E for all H € b}.

We shall use the Chevalley basis (H,, E.,) for g (Humphreys 1972, Carter 1972). H, is
a basis for § and E.., a basis for g.,, such that

[Has HB] = 0: (2.2(1)

[Hon Ed:B] = d:KBaE:EB, (2.2b)

[Em E—a] = Has (2.2C)
0 a+pBed, a#p,

[Ea, Egl]= { ) (2.2d)
NygEq+s otherwise, a # .

Only n, where n =rank g, of the H'’s are linearly independent and the corresponding set
of n positive roots is denoted by #*. Anyroot a € 7" is known as a simple root, that is,
it cannot be written as the sum of other positive roots. As a consequence of this
property, we can show that for a, Be 7"

Nﬂl,B = NOI:—B = 0.

In addition for a, 8 simple, the matrix (K, ) defined by the commutation relation (2.25)
is the (n x n) Cartan matrix associated with g.

Since g is a semi-simple Lie algebra over C, we may consider it as a Lie algebra g®
over R with complex structure, and the associated Lie group may be denoted by G.. By

+ Complex extensions of SU(n + 1), SO(2n + 1), Sp(n) and SO(2n) are denoted SL(n +1, C), SO(2n +1, C),
Sp(n, C) and SO(2n, C) and their algebras a,, b, ¢, and b, respectively. It should be remarked that Sp(n) is
not Sp(n, R), the latter not being compact.
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combining the Cartan decomposition of g and the root space decomposition of g~, the
Iwasawa decomposition for G, is obtained. It is given by

G.=NAK, (2.3)

where N and A are subgroups of G, corresponding to the subalgebras g., and b
respectively, and K is the maximal compact subgroup. The decomposition NAK is
quite general and may be applied to any non-compact, semi-simple Lie group.
However, if G. is of the form

G.=iG X G, (2.4)
we may be more specific about N, A and K. Indeed,
K=G,

the original gauge group; aiso A is generated by b over Rand N by g_, over C. Hence,
any group element g € G. may be written as

g = nak (2.5)

withneN,ae€A, k€G. n and a are given by

\

n ——:exp( Yy, zaE,,a>, a =exp( Y d/aHa), (2.6)
aeA” aew”

where z, are complex functions and ¢, are real functions, all dependent on both

coordinates, u and @,

u o= § ki, 0=—=s—it 2.7)

Note that the suffix & of H, corresponds to the simple roots, so only the linearly
independent basis elements are included.

Our discussion concerning the Iwasawa decomposition has involved the subgroup of
G, corresponding to the nilpotent subalgebra g..,, but not the subgroup corresponding
to the equivalent subalgebra g..,, which is spanned by E.,. Itis possible to include this
other subgroup in another version of the Iwasawa decomposition in which any element
g€ G, is given by

¢ = Aak. (2.8)

In (2.8) k € G and the representations for /i and d are

A =exp(—- Y z'aEM), d =exp(— Y. (/;O,Ha>. (2.9)
L aeA” aew’

To generalise the R-gauge method, we gauge away the elements k,k € G in the
decompositions (2.5) and (2.8) for g and g respectively. This depends on choosing the
same gauge for both elements, g and g, and so we restrict them by imposing the
condition

k=k (2.10)

However, it should be noted that to derive the Toda lattice equations it is not necessary
to assume any relationship between the parameters z,, ¢, in the representation of na
and 7, &, in Ad.
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The condition (2.10) allows us to choose the gauge in which g and g are given by R
and R, where

-~

R =na, R =Aa. (2.11)
By analogy with (1.19) we define the left-invariant gauge potentials B, and B; by

B.(u, @)=R'a.R, Ba(u, 1) =R 'a:R. (2.12)
After substituting the explicit forms (2.11) for R and R in (2.12), we obtain

B.=a'(nT'a.m)a+a'9.a, Ba=d (A T'9:A)a+d .4, (2.13)
We now adopt the following ansatz:

n"'n = Y. YoE-o A oA = — Y JaEras (2.14)

which is equivalent to the assumption that, when « is not a simple root,
Yo = $u =0, (2.15)

that is, for o 7. This restriction to include only the simple roots is in accordance with
the Toda model developed from the theory of Lax pairs (Bogoyavlensky 1976) in which
the non-simple roots do not play an important role.

By using the representations for » and 7 in (2.6) and (2.9) and the commutation
relations (2.2d), we can show that for a e 7+

Ya = auzou fa = 6afa- (216)
Also from the representations for a and 4, it is straightforward to obtain
a'da= Y (duba)H., 90 =~ Y (dada)Ha (2.17)
due to the commutation of the basis elements H,. Further,
a'E_.a =exp( y Kaew,;)E-a, i =exp( T KaBJB)EM (2.18)
Ben™ ﬁew+

and so by combining (2.14)—(2.18) with (2.13), we have

Bu= 3 [vaexp( T Kunbi) Eo+ Gt He

aeTm

(2.19)
B=- %[5 exp(3§+ Kools) Eva + (0l L |

aEeTmT

In order to impose the condition (1.18) that
F.:=9,B; —3;B,+[B,, B;]

vanishes, we calculate firstly

(BoBd== % [rGabens( T Kusts)Kurk-s

o, YET

50t exp( T Kusa)KoEo]

+ Y YaVa exp(%ﬁ Kop(Us +¢/73))Ha, (2.20)

xET
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and secondly

aﬁBu ‘auBﬁ = z . [( aYa + Ya Z KaBauwﬂ) exp( Z+ Kaﬁ‘[,E)E—a + (aﬁaud]a)Ha

Ben”

“L(au,ﬁa + )701 2_’_ KaBau‘;ﬁ) exp( 2 KanB)E+a +(a auwu)H ]

Bew Benw*

(2.21)

Now by equating the coefficients of H, and E., in (2.20) and (2.21) the condition
reduces to the following three equations:

YaVa exp( Y. Kaslts +¢a)) = 80 (Vo + ha), (2.22)
Brw
BaYa + Ve Z K.gdgg =~ Z Kaﬁ(aud/e)
Rem™ Bem’
K (2.23)
du\/n + \a Z KaBaL.d’B = z* Kaﬁ(au¢8)-
Ben” Berr

We note that for G =SU(2), there is only one simple root and K =2, so in this case
{2.22) and (2.23) correspond to (1.13) and (1.14) respectively with

y= aitp~ G = aﬁﬁi ¢ = e—(*ﬁ"Hl;F‘ (224)

Therefore, by analogy (2.22) is the main equation and (2.23) are the subsidiary
equations. Fortunately, as in the SU(2) case, we are able to solve the subsidiary
equations to give

Y, Kagltp+ WB)) Vo = €(i1) exp( Y Ky +¢3))
Bew’ Ben"
(2.25)

where ¢{u) and £(4) are to be determined by the ‘boundary conditions’. If we put the
solutions (2.25) into {2.22), then the main equation becomes

v, = e lu) exp(

('.’uaﬁ(l»'f/(x + ‘l;a) = 85 eXp( Z KaB (d/ﬁ ’f‘ le)) (2.26)

Bewn"

When & = 1, the equation (2.26) is one particular form of the Toda lattice equation
governed by an arbitrary group G with Cartan matrix K. The form (1.2) of the Toda
lattice equation may be derived by defining the new variables

BX K, =— Y K.ig (2.27a)
e Bew’
and

Po = (Fy -+ (o (2.27b)

However, it should be said that the algebraic meaning of the variables p, is somewhat
vague, but in our form (2.26) we can trace the origin of the ¢, and ¢, back to the
coefficients of the generators of the abelian subgroup in the Iwasawa decomposition.
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Also we can give explicit expressions for the potentials B, and B;; by substituting the
solutions (2.25) for y, and y, into (2.19). In particular, when ¢ = £ = 1, this gives

Bo= ¥ [exp(= T Kusls)Eou+ @bl EL

Bew

(2.28)
Bo=- T [exp(~ T Kupb)Ero+ Guli)H |

aew™

We close this section by remarking that indeed the Iwasawa decomposition has
allowed us to generalise Yang’s R-gauge method and hence obtain the Toda lattice
equations governed by an arbitrary semi-simple Lie group. We reiterate that to derive
these equations it is not necessary to impose any condition relating the parameters of R
and R. This differs from the R-gauge where from (2.24) we see that in the real section
y =y, where the bar denotes complex conjugation, and, for consistency with (1.15),
& = . We discuss this point in greater detail in a later section.

3. Parametrisation of the solutions

The purpose of this section is to demonstrate a method of obtaining the solutions to the
Toda lattice equations (2.26) when the governing group G is classical. The solutions are
parametrised in the form of determinants. Asin § 2, it is the Iwasawa decomposition of
R and R given by (2.11) which plays an important role.

Since we have factored out the gauge terms in g and g, the resultant elements R and
R must belong to the symmetric space G./G. In addition B, and B; given by (2.19) or
(2.28) compose a matrix connection one-form, taking values in the algebra cor-
responding to G, which is defined by

o = B,du + B; di. (3.1)
Then the condition (1.18) implies that the curvature two-form must vanish, that is,

Q=dow +3[w, ®]=0. 3.2)
Conversely, if Q = 0, then the connection » should be a left-invariant one-form given by

w=go' dgo 3.3)
where goe G.. Consequently B, and B; are given by

B.=2go .o, Bi = g5 dafo- (3.4)

However, we have already capitalised on the definitions of B, and B; given by (2.12).
To show that the two sets of definitions (3.4) and (2.12) are non-contradictory, we make
explicit the property alluded to in § 2 that the gauge potentials are left-invariant. In fact,
B, and B; given by (3.4) are unchanged when g, is transformed by the respective
left-translations

go > 7 '(ii)gos go > r (u)go. (3.5)
Hence, if we are permitted to make the identifications
R =F7"(@)go, R=r"'(u)go, (3.6)

at least up to a gauge transformation, then the two definitions are consistent. In general
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r and 7 may belong to G, but are restricted so that » and 7 depend only on u and &
respectively. We use (2.3) to write 7 and r in decomposed form as
F = Aodioko, r = noaoko.
By use of these equations, (3.6) can be rearranged to give
8o = AodokoR, 8o= noaokoR. (3.7)

It is known that for all k"€ G, Ad k” leaves G, invariant. In particular (Hermann
1966, Kostant 1973)

-1 __
k"nak"  =n'a'k’,

where n'eN, a'€ A, k'K, and this may be rewritten as

k"na=n'a'k'k". (3.8)
We use (3.8) to rearrange equations (3.7) to give

go = FodoR k' ko, (3.9a)

go=rnoaoR'k'ko, (3.9b)
where

R'=n'a’, R'=#/'d".

We now require that R and R of § 2 be replaced by R’ and R'. If we define B/, and B},
from R' and R’ respectively by analogy with (2.12), then these are just gauge
transformations of the potentials B, and B; given by (3.4). For consistency, B, and By
must be defined in the same gauge, and hence in (3.9) we put

k'ko = Kk'ko. (3.10)
By equating the right-hand sides of (3.9) and imposing the condition (3.10), we obtain
dRR 'ag" = A5 no, (3.11)

where we have dropped the primed notation. Hence (3.11) may be obtained effectively
from (3.6) when 7 and r are given byt

F=Aolia)ao(a), r = no(u)ag(u). (3.12)

We use the following representations for the decompositions (3.12):

ao=exp(a§r+ ua(u)Ha), do=exp<— a; ﬂa(ﬁ)Ha),
(3.13)
n0=exp(a:/:&* Va(u)E_a), ﬁo=exp(— a;A+ ﬂa(ﬁ)E+a).

Our method of solution depends on taking determinants of submatrices of the left- and
right-hand side of (3.11) and then equating. Firstly, we consider the left-hand side,

+ David Olive has made us aware that these restricted forms for r and 7 may be ascribed to the path
independency of go= T exp [&d) (B, du+B; di), Since R(u, 3)=Texp[&% B,du and R(u, a)=
T exp j{,‘:;,?f B; dii, we can write g in two ways: go = R(y, 0)R(u, @)= R(0, #)R(u, ). We thank him for this
communication.
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which is explicitly given by
L =exp(—fiaH,) exp(zsE_g) expl(Ya + Vo) Ha ] exp(Z5E+g) exp(—paHL), (3.14)

where in the exponents the index 8 is summed over all positive roots, while the index o
is summed only over the simple roots. Since for all the classical algebras the H, are
diagonal, the properties of L are essentially those of the product of exp(zgE_g) and
exp(ZgE.+g). Now if L' is an (n X n) lower triangular matrix and L" is an (n X n) upper
triangular matrix with

L= LILH’

then the only contributions to the (m X m) submatrix (L) 1<k 1<m are from the (m x m)
submatrices (L) 1<k t<m and (L%1) 1<k 1<m. Hence, for 1<k, l<m,

det(Ly;) = det(Li) det(Li). (3.15)

In appendix 1 for each classical Lie algebra we specify some set of submatrices
{((E-2)im): I =m} in which each member has a lower triangular matrix lying in a block
where all the other entries are zero. We restrict our attention to these submatrices, and
then from (3.14), we can show that by using (3.15)

det(Ly,;) = det{(exp(—fiaHa)) ] det[(eXp(zaE—q))ii] det{(expl(¥e + Yo ) Ha D]
x det[(exp(ZaE+q))it] det{(exp(—paHe))ii]

where 1<k, lsm=<nfora, ¢, d,2<ki<m=n+1forb,.
Since for each algebra in the appropriate range

det[(exp(zaE—a))kl] = 1:
and since the H, are diagonal, this becomes

det(L’d) = exp{Tr[(_‘zaHa)kl]} exp{Tr[(('//a - J;a )Ha)kl]} exp{Tr[(_“aHa)kl]}-

Therefore, (3.13) may be written as
exP{Tr[((l//a + Ja )Ha)kl]} = exp{Tr[((#a + fza )Ha)kl]} det[(ﬁalno)kl]- (3-16)

Before reducing this expression further, we shall consider the representations (3.12)
for ao, do, no and Ap. (3.11) provides a relationship between R and R,

R=7F"YR
and so B,, for instance, is given by
B.=R7'r'3.,)R+R'3.R, (3.17)

as well as by (2.12). In(2.13) B, has a specific form depending only on H, and E_, and,
moreover, as a consequence of the ansatz (2.14), the basis elements correspond only to
the simple roots. Hence there must be some condition on the parameters in  so that B,
given by (2.17) also has these properties. In particular, we are concerned with the
coefficient of E_,, in (3.17). By using (3.12),

- -1, -1 -1
r 1aur =ap ! (no dunolao+aog d.ao
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and so, by referring to the commutation relations (2.2), we see that the only term
containing E_, is

R 'ag" (n5" duno)aoR. (3.18)
Firstly, by analogy with the ansatz (2.14), we assume that

15 0= Y, GoFE- o (3.19a)

that is, we impose the condition that, for a g =,
bo =0, (3.20a)
and then (3.18) becomes
R'ay' Y ¢uE_aaocR=R"' Y exp( ¥ Ka,,,,ce) P S
1 BE17+

G E T aemr”

=expnH,) T exp( T Kugta)duE - exp(-dH.)

aem

-5 el

wen®

Y. Kaglus— U )) GaE o

Ben

This last term should be compared with the corresponding term in B, = R "' 3,.R ; that is,
from (2.28)

) exp(— Z‘KaB(I;B)Ema‘

aerm’ Bemw
Hence

bo = eXp(“BEZ,; Kaeu,;). (3.21a)
Similarly, by considering B; in the same way, we may show that

bo = exp(—ﬁg¢ Kasﬂs), (3.21b)

where when « is a simple root ¢, is defined by

Ao dafio=~ Y, buE.a (3.195)

xEm

and for ag 7"

-

o = 0. (3.205)

However, if we use the representations for no and Ao in (3.19), it is possible to show
that, fora e 7",

b = Ol Go = BaPa (3.22)

Hence (3.21) and (3.22) provide a relationship between the parameters v, and u.
appearing on the right-hand side of (3.16) and, bearing this in mind, we shall return to
the further simplification of that equation. By considering the explicit form of the
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matrices H, for each algebra in appendix 1, we can reduce (3.16) to

exp(ym + ([7,,,) =exp(pm + m) det(75" 10)ms lsm=<nfora,,c, )

lsms<sn-—-2ford,,
eXP(Wm—1+ m_1) = €XP(thom-1 + fim 1) det(i5  no)m, 2<ms=<n+1forb,, ; (3.23)
XP(in -1+ n—1) = EXP(n—1 + fin—1)[det(ig no)n 1 /det(fi5 ' no)a]""?,

. . . oy 12 ford,
exp(Wn + ¥,) = exp(un + i1,)[det(rio no)n—1 det(fio no)n]

b

where the abbreviation det(fig'no)m refers to the determinant of the submatrix
[(A5 no)x:] with k and ! in the appropriate range.

The parameters in the exponent on the left-hand side of the equations (3.23) are just
those which satisfy the Toda lattice equations (2.26). In fact, by taking logarithms of
each side of (3.23) and then substituting for A, and n, the representations (3.12)
subjected to the conditions (3.19)-(3.22), we obtain a parametrisation for the solutions
of the Toda lattice equation. These comments shall be exemplified below by referring
to some specific groups.

In all the examples below, we shall use the representations for E_, and E.., givenin
appendix 1. For those involving an SU(#x+1) group the notation will be that of
appendix 2.

(i) SU(2). There is only one root and so, with

no = exp(ra1€21), fio = exp(—712€12),
(fig'no) is simply given by
(1 + D1av21 1712)

Va1 1
Also
¢ =dwn=e¢ b =dap1a=e %4,
s0 (3.23) gives
" = [(0,r21)BaP12)] (1 + Frawaa). (3.24)
If we use the variable

p=—(y+i),
then (3.24) is
p = —In(1+ P12v21) + 3 In(@,v21 9aP12),

reproducing Witten’s SU(2) solution (Witten 1977).
(it) SU(3).

no=exp(vye;) = 1+ vie; + 58 meriviim
and so

&1=03,v21 = exp(—2u1 + u2), &2 = 0,732 =exp(p1 —2u2).
There is also the additional constraint

0= 3= du¥s1 +3(0uv21)¥32 — 3721 (3u¥32). (3.25a)
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Similarly,
b1 =daP12=exp (~2(1 + i), B2=8aP23 = exp (F1—2402), (3.258)
0= 3= dz13 — 3(8a912) P23 + 3512(3aP23). .
If we denote 75 no by A& then
N1 =14 Brova1 + (P13 +3512023) (w31 + 3vazwar),
Naz =1+ D33,
N1y = D1z + v32(P13 + 3512523),
N1 = a1+ Pas(var + 3vs2va).

So using (3.23)
exp(i: + ) = [(8,r21)(0a912)] " *[(0uv32)(Bat2a)] >

x[1+ 1021 + (P13 + 3012023) (w31 + %V32V21)], (3.26a)
exp(y, + #2) = [(0uv21)(3a912)] " [(0ur32) (8a23)] >
X [14 a3vsa+ (P13 — 3P12023) (V31— %V32V21)]~ (3.260)

(iii) Sp(2). The first example with R and R non-triangular.
From appendix 1,

E (=ey—ea, E_;=e4, E _s=ea, E _s=en+esn.
Again denoting

-~ ;-

Ho no=exp(VaEa.) exp(vaE o)

by W, we have

./V'11=1+V1171+V3‘73+VIVZ, VM12=1;1+‘73V; +V2‘7:,
Nay =1+ ViV5 + 25, Nar =+ VaVi +5, Vi

the other elements of the matrix need not be specified and we have used the abbre-
viations

+ 1 V3 - 1~ ~

Vi =vix3mv,, Vi =bDatii1b,
1.2 ~ o 12~
Vi=v3—grivs, Vi=03—gviva.

Also the parameters are related by the equations
b1 =01 =exp(—2u1+ u2), b2=0d 2 =exp(—2uz+2u1), (3.27)

together with similar equations for &1 and ¢,. The constraints ¢3 =4 =0, $3 = a§4 =0
reduce to respectively

8,V3— V3 (8,v1) =0, 8, Va — 129,11 =0, (3.28a)
8, Vs— V3 (0.51) =0, 3. Vi — 520,59, =0. (3.28b)

By straightforward substitution of det./' and the relations (3.27) into (3.23), the
solutions are given by

exp(Un + 1) = [(0.71)3aP1)] (@) @bl 1+ w15+ VaVa+ ViVE],  (3.29a)
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exp(ya+ ll;z) = [(auVl)(aaﬁl)]—1[(3-41’2)(3.252)]—1
X[(L+ 0151+ VaVa+ ViV + 025, + VI VD)
(145, Vi + V3V @1+ Ve +Va V)] (3.295)

Of course, the solutions are more accurately expressed by introducing the explicit forms
for Vi, Vi, Vi and Vi. However, the form (3.29) is often more convenient to
manipulate; for example, to prove that (3.29) really do satisfy the Toda lattice equation.
This is also where the constraints (3.28) come into play. To demonstrate this, we
calculate 8,3z (W1 + ;) by taking logarithms of (3.29a) and then differentiating:

3uda(Yn + ) = V(1 + 0151+ V3 Va+ V3 V)2
= W[(0,21)(0251)] T(@ur2)(@a52)] " exp[-2(¥1 + )] (3.30)
¥ is used to denote
(A + 151+ Va Vst ViV )@ur18at1 + 0, V3 Va+ 8, Vi 3.V7)
— (11851 + V382V + Vi V3 )(#10uv + V33, Va+ V3 3,V3)
= (0u1)@aP)[(L + w151+ V3V + VIV + VIiVi +125,)
—(1+ VaVa+ Vit (51 + Va Vi + Viwa)]
=[(0,21) 0aP1) L(0uv2)(3a52)] exp(Wa + ¥2),
using (3.28) and (3.2956). So (3.30) becomes

320, (1 + dn) = expl(W2 + ) — 2(¢1 + 1))

and comparison of this with (2.26) shows that ¢, + ¢ given by (3.29a) indeed satisfies
the Toda lattice equation.

(iv) SU(4). We shall briefly consider the main features of the solutions. It is
illustrative of the general SU(n + 1) solution, since unlike SU(2) and SU(3), but similar
to Sp(2), the original form of the constraints (3.20) is rearranged. In this way the
derivatives of coefficients of the E_, in no corresponding to non-simple roots are
expressed as the derivatives of coefficients of those for simple roots. Here, if

no = exp(viey),
then the form (3.20a) of the constraints are
8, V31— 32(3.,¥21) =0, 8. Va2 — v43(3uv32) =0,
8. Va1—v43(8,V31) — V2 8,721 =0,
where
Va1 =va+3vsva, Viaa=var+3v43v3,
Va1 =va1 +5(vazvar + vasvs).

The first two constraint equations have a convenient form and, using the first, the third
can be reduced to

04 Va1 — Vazdura1 =0,
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as required. The value of this rearrangement was shown for Sp(2) since it provides for
easy manipulation of ¥ in (3.30) to give a common factor (3,1 )(8z#1). There are similar
conditions for the tilde parameters.

The general parametrisation for the SU(n + 1) solution is given in appendix 2, so we
shall not consider further the SU(4) case.

(v) SO(5) and SO(6). Since the algebras b, and ¢, are isomorphic, the solutions of
the Toda lattice equations governed by SO(5) are the same as those for Sp(2). The
Cartan matrix for SO(5) is the transpose of that for Sp(2), so if we exchange the
parameters ¥/; and ¢, in (3.29) we have solutions (3.23) for SO(5). Also, a; and d; are
isomorphic and similar remarks hold for their Cartan matrices. So the solutions for
SO(6) are given by those for SU(4) with ¢; unchanged and ¢, and ¢, interchanged.

4. Discussion and concluding remarks

In §§ 2 and 3 we have applied the Iwasawa decomposition to the complexification of
some semi-simple Lie group G. By this method we have been able not only to derive the
Toda lattice equations governed by G, but also to parametrise the solutions to the
equations.

The derivation of the equations is based on a generalisation of Yang’s R-gauge
method. However, unlike Yang, we have not imposed any relation between the
parameters of R and R. Thisis possible since we are always able to solve the subsidiary
equations for z, and 7, in terms of ¢, and ¢,, and the latter pair of parameters always
appear in the combination

W + o = —(KVA1)a6pB'

However, if we wish to take a more physical viewpoint, then we should be able to
recover the original gauge theory when we transform back to the real coordinates, s and
t. In this case we must demand that B, and B; have values in the Lie algebra of G and
not G.. Consequently, we have to impose some condition on B, and B; and hence
impose some relationship between R and R. The condition is constructed by invoking
the differences between the Lie algebras of G and G.. We show that a sufficient but not
necessary condition is given by

R=(R"7, 4.1)

not only for G =SU(n +1) (Yates 1978), but also when G is any classical group.

The complex extensions G. must first be divided into two categories to state
explicitly the differences between G and G.. Category (i) contains SL(n +1, C) and
Sp(n, C), whilst (ii) is comprised of SO{(2xn +1, C), SO(2n, C). For those in (i) the
elements of G are unitary and in (ii) the elements of G are real. These properties are not
exhibited by the corresponding G, and so the respective conditions on the potentials are

(i) B, =-Bx (4.2a)
(ii) B¥ =B, (4.2b)

These conditions are satisfied if (4.1) holds for elements R, R € G./G in both categories.
Since

B:=R'(3:(R"")=~[R'3,R]'=-B,
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(4.2a) is satisfied. Also for category (ii) the elements of G. and G are orthogonal, so
(RT)—I — (RT)T =R*
and (4.1) becomes
R =R*,
which ensures that (4.25) is satisfied.
Since the potentials are left-invariant the~condition (4.1) is only sufficient for (4.2) to
be satisfied. We may left translate R and R, so that the transformed elements are no
longer related by (4.1), but (4.2) still remains true.

Using the representations (2.6) and (2.9), the condition (4.1) reduces to a relation-
ship between the parameters of R and R, namely

£y =2 o = Yo (4.3)
A second notable feature of the method here is the introduction of the factors r(u)
and 7(#&) to obtain explicit expressions for the solutions. This feature is not paralleled by
the one-dimensional model, obviously since the functions are only dependent on the
one coordinate, . However, the algebraic properties of the one-dimensional model of
Olshanetsky and Perelomov (1979) do have some similarity to the two-dimensional
case. If we wish to compare our method with that of Olshanetsky and Perelomov
(hereafter referred to as OP), we must relate r and 7 to some factor in the one-
dimensional model.
To achieve this, we first reduce u and & to ¢, so that (1.18) becomes

A-B=[A, B] 4.4)

withA=R 'R and B=R "115, the dot referring to differentiation with respect to 7. If
we introduce

L=B-A, (4.5)
then (4.4) has the form of a Lax pair
L=[L, Al (4.6)
Drawing on the theory of the Lax pair, we can say that (4.6) is equivalent to
L(t)=R'L(O)R, A=R7'R. 4.7)

By rearranging (4.7) and then using (4.5), we obtain
LO)=RL(OR'=RR'RR'—RR'=-4,(RR™Y) (RR™H,

which becomes
L(0)=—ix"", (4.8)
when we define
x=RR™. 4.9)
Substitution of the decompositions (2.11) for R and R in (4.9) gives
-1 ~—1

x=nad ‘A t=nhi"t, 4.10)

where h = ad ' is a diagonal matrix. (4.10) exactly reproduces the results in OP. x is
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described by the initial data since it follows from (4.8) that
x(t) = x(0) exp[—L(0)¢]. 4.11)

From (4.9) and (3.13) we observe that x(¢) corresponds to 7y o and also in (4.10) h
contains the Toda lattice variables. So the matrix manipulations on x(¢) used in OP to
solve the equations are equivalent to those we apply to (3.13), also to solve the
equations.

There may be a fundamental reason mathematically for splitting up x into the
product of functions (4.9). Such an idea deserves more thought, particularly with
reference to the theory of the symmetric space G./G to which R and R belong.

In § 2 the Toda lattice equations are derived from the condition that the gauge field
strength F,; should be sourceless, and in § 3 this condition was shown to imply that the
curvature two-form (3.2) should vanish. Now (3.2) may be considered as the
integrability condition for the set of linear equations

dé = fow, (4.12)

where 6 is a row of O-forms. The set of equations (4.12) should be investigated for our
model, since it is anticipated that they might provide some insight into the Backlund
transformations of the Toda lattice equations (Farwell and Minami 1982).
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Appendix 1. A matrix representation for the Chevalley basis

We shall use ¢;;, 1 <i, j < n, to denote the n X n matrix in which the only non-zero entry
is 1, where the ith row and jth column intersect (Humphreys 1972). From this definition
it follows that

eiext = Sjei (Al.1)
and so
Leyjy e} = Bjnei — Buey;. (A1.2)

In each case below the suffix i on the basis elements H; of b refers to some specific
ordering of the simple roots comprising 7*. By E.,; and E_,, we mean the correspond-
ing elements of the bases of g., and g., respectively; that is, those which satisfy the
commutation relations (2.2¢), namely

[E+i9 E-—i] = }{i'

The required E.,, E_; may be selected from the sets {E..}, {E_.} by inspection of the
commutation relations derived using (A1.2).

Note that in the following representations for each class of Lie algebra, the matrix
E.; is taken to be the transpose of E_; Such a specification conforms with the
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commutation relations (2.2).
(i) a,—(n+1)x(n+1) matrix representation

Basis for b Ho=e;—€:14+1 (I=sisn)
G-aacat e (1sj<isn+1)
Graaea* ei=ey (I<sj<isn+1).

(i) b,—(2nr +1)x(2n+1) matrix representation
Basis for b H_1=€i—€ir1i41 = Cnvinsi + Cntitin+itl 2=i=n)

H,=¢e,iin+1 —€2n+12n+1

Q-a,aca™ €i+1j+1 ~ €itn+li+n+1 (I=sj<i=n)
€i+1+nl —€1i+1 (I=<i=<n)
Cntitlj+l ~ €ptjriivl (1=sj<i=n)

G+a,aca* €itii+l —ei+n+1j+n+1 (1$j<isn)
€litl+n ~€is11 (I=<i=n).
€itin+i+l ~ €itln+j+l (I=j<isn).

(iii) ¢,—2n X2n matrix representation
Basis for | Hi=ei—e€ii1ir1 —€nimtiteniivinrist (I=sisn-1)

Hn = €nn —€2n2n

G-a,aca* €ii —€itnitn (1sj<isn)
Cn+ii (I=si=sn)
€nvii tEniif (Isj<isn)

G+a,aca* €ji —€n+ij+n (Isj<i<n)
€in+i (1=si<sn)
Cintjt Emi (I=sj<i=sn).

(iv) 9,—2n X 2n matrix representation
Basis for b H =¢;—¢€i1ir1—CniinviF Crrivtnsi+t (I=sisn-1)

Hn =e€n-1n-11€nn ~€2n-12n-1 — €2n2n

O-a,aea” €ij ~ €jtni+n (I=sj<i=n)
€nsij —En+ji (Isj<i=n)
G+aacat €ji — Citnj+n (I=sj<is=sn)
€jn+i — En+ji (Isj<is=sn).

It is important to note various properties of the bases for each class. In all cases, the
H; are traceless diagonal matrices. Furthermore, for a, the set {E_,} is composed of
lower triangular matrices with zeros on the diagonal, and so the transposed set {E. .}
consists of upper triangular matrices with no diagonal entries. Although the sets {E_,}
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are not triangular for the other three classes, it is possible to select submatrices which do
have this property. Let [(E_,)] denote a submatrix of the basis element E_, where
the range of / and m is specified. Then

(a) for b,: the set {{(E-a)iml2<im=n+1} are lower triangular with zero diagonal
entries and the set {{(E_oa)imJo<icnil.m=1or ns2<ms=2n+1y have all zero entries;

{b) for ¢, and b,: the set {{(E_.)im]1=,m=n} are lower triangular with zero diagonal
entries and the set {{(E_.) i li<icnn+1<m=2.} have all zero entries.

Corresponding results concerning upper diagonal and zero submatrices of E., may be
deduced using the operation of transposition.

Appendix 2. Parametrisation of the SU(n + 1) solution
In § 3 we show that the solution of the Toda lattice equation governed by SU(n + 1) is
given by

Wi + m = fhom + fm + In det(Fig " 10) m, lsms=n. (A2.1)

In general, we use the representations (3.12) for no and /,. However, since in appendix
1, for a, each E_, has the simple form ¢;, 1 <j<i=<n+1, we adopt the double index
notation for » and ¢ and write

Ho = exp( Z V,»,-e,-f)

i>j
=14+ z Ve + Z VikVij€ijs (A2.2)
I=sj<i=n+1 lsj<k<isn+1
o1 ~
Mo =CXP(Z Vi:'eii>
i>j
=1+ Z ix'ﬁe,-,v + z VikVki€ji. (A2.3)
Isj<isa+l Isj<k<isn+1

We use the abbreviations

i-1 i—1
+ Y& ~ ~ o~
V,‘j = Vij + 2 VikViijs Vii = Vi + E VigViki. (A2.4)

k=j+1 k=j+1

The range of summation in the second terms ensures that corresponding to the simple
roots, i =j+1,

* * o~
Vii=vi Vi=v;

Then (A2.2), (A2.3) become

Ho~ 1+ z Vf,—ei,-, ﬁal =1+ Z V;eﬁ. (A2.5)
l=sj<izn+l l=sj<izn+l1
Conditions on V;; and V; arise as a consequence of the constraints (3.20):
3. Vi —Va@.Vi)=0 fori>j+1, (A2.6)

3:Vi + Vi(9aVi) =0 fori>j+1. (A2.7)
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Now, from (A2.5)

iSm=1+ T Viviet 3 (Vi+ T Vivi)e

lsi<ksn+1 lsj<i=n+1 k=j+1
i—1
+ (V; + Z V:;c sz)e,y
l=j<isn+l k=j+1
and so the submatrix
m n+l -
((ﬁaan)pq)lsp,qsm<n=Im+ Z Z Vi Ve
i=1 k=i+1
. i-1 i=1 .
s 3 (Vi T Vavider T (Vi S vivh)e,
iIsj<i=m k=j+1 1sj<ism k=j+1
(A2.8)
The relations (3.21) and (3.22) become foreach j=1,2,...,n
(auVi+1j)(aﬁ‘~/ii+l)=eXp(" 2-:1 Kim(l-"m+l~zm)), (A2.9)

where (Kj): jym=1,2,...,n is the Cartan matrix for SU(n +1).
If we define the variable

pi=-— im(d’m + (Zm), (A2.10)
then the solution (A2.1) becomes for j=1,2,...,n,
det(ﬁo"‘no);+1 det(ﬁalno),--1>
[det(Aio no)i]2

with (fig o) given by (A2.8), with the proviso that the parameters are subjected to
(A2.6) and (A2.7).

o =1n[<auuf+1,-)<aa:5,+1,-)]+1n( (A2.11)
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